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BEAMS 

• Beams play a significant role in engineering applications,  

including buildings, bridges, automobiles, and aircraft  

structures. 

• A beam is defined as a long, slender structural member  

whose cross-sectional dimensions are relatively small  

compared to its length. 

• Beams are generally subjected to transverse loading and  

produce a significant bending moment. 

• The deformed shape of a beam is described by vertical  

displacement ( deflection) and rotation (slope) of the beam. 





HERMITE SHAPE FUNCTIONS FOR BEAMS 

• The shape functions chosen for beam element should  

meet the C1 continuity requirement which states that  

the transverse displacements and slopes must be  

continuous over the element. 

• Hermite shape functions are used for interpolation of  

dependent variable (displacement) and its derivative  

(slope). 

• The transverse displacement field is of cubic order  

expressed in natural coordinate system as; 
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Boundary condition table for two noded beam element : 

(To  find the values of H1 , H 2 , H 3 & H4 ) 

 Nodal displacement vector 



Derivation of Hermite shape functions of beam element : 
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assume a polynomial displacement model as H1 = a0  + a1ξ + a2 ξ + a3 ξ 
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Variation of Hermite Shape functions 
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Load vectors in Beam element : 

(i) Load vector due to Point loads : 
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Problem 1 

A cantilever beam subjected to 

a uniform load qo is  as shown 

in fig. Solve for displacement, 

rotation &  nodal forces. 

Assume the beam to have 

uniform  rigidity EI throughout 

its length. 

po / unit length 

l 



Stiffness matrix : K   

Equilibrium Equation : K q  F where; 
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For the beam loaded as shown in fig, determine the slopes at  

2 & 3, and the deflection at the midpoint of the distributed  

load. 
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After assembling the element stiffness matrices and load vectors, we get  

the global stiffness matrix & thereby equilibrium equation. 
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Applying boundary conditions v1 = θ1 = 0 (fixed end ) and v2 = v3 = 0  

(vertical movements are constrained at roller supports) the equilibrium  

equation becomes; 
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Problem 3 

Determine the maximum 

deflection & the internal  loads 

in the uniform cross section of 

the cantilever  beam shown in 

fig if the beam is treated as a 

single  finite element. 
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The equilibrium equation is K q = F 
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Problem 4 

Fig shows a simply supported subjected to a  

uniformly distributed load. Obtain the slopes at  

the supports and the maximum deflection in the  

beam. Take E= 200 Gpa and I = 2 x 106 mm4. 
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Equilibrium equation is K q  F 
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The equilibrium equation after applying bc's v1 = v2 = 0 

and elimination of corresponding rows & columns is; 
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Problem 5 

A uniform cross section beam is fixed at one end  

supported by a roller  at  the other end. A  

concentrated of 20 KN is applied at the midspan  

of the beam as shown in fig. Determine the  

slopes at supports & deflection under the load. 

Take E= 210 GPa and I = 2500 mm4. 
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Applying boundary conditions v1 = θ1 = 0 (fixed end ) and v3 = 0  

(vertical movements are constrained at roller supports) the  equilibrium 

equation becomes; 
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Problem 6 

For the beam fixed at both ends and loaded as  

shown in fig, determine the displacement and  

slopes at node 2 & reactions at the nodes 1 & 3. 
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b = 0.2 m  h 
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-3 I    1.067 × 10 



Stiffness matrix : K   
2 

3 

6 

1 
l3 33 

3 

For element 1, EI  
210 109 1.067 10 

6l  6  3  18, 4l 2  4(3)2  36, 2l 2  2(3)2  18 
1 1 1 

 8.310 N 

l 

EI 
 

6l 
 

  
6l  12 

  

 12 6l 12 6l  

4l 2 6l 2l 

6l 12 

2l 2 6l  6l 4l 2  
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Global stiffness matrix K   k (1)   k (2)  

Using Kq  F, 
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Applying boundary conditions v1 = θ1 = v3 = θ3 = 0 (fixed ends ) 

the equilibrium equation becomes; 
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R 
   

0       6  

 12 18 12 18 0 

 18 36 18 18 0 

18 24 0 12 

18 18 0 72 18 18 

 
0 12 18 12   

 0 0 18 18 18

 36 

12.5 0 0 0 2.5T 



Problem 7 

A simply supported beam of span 6m 

and of uniform flexural  rigidity EI = 

40000 KN-m2 is subjected to a 

clockwise couple of  300 KNm at a 

distance of 4m from the left end. 

Determine the  deflections at the 

point of application of the couple & 

the  slopes at the supports. 

300 KNm 

4 m 2 m 



1 2 2 

(1) 

6 2 2 

1 1 1 

1 
43 l3 

EI 40000 103 

(1) 6 

 12 6le -12 6le  

Here,  0.62510 , 6l  24, 4l  64, 2l  32 

e e e e 

e e 

e 

l3 

6l 2l 2 -6l 4l 2 

EI 
 6l 4l 2 -6l 2l 2  
  
-12 -6l 12 -6l  

 k     
 

e  
 e e e  

 

  k  10   

For element 1, stiffness matrix 

  
1 1 


1 

2 2 

2 

(1) 

3 

Load vector F 

 

  

  

  
 7.5  

  
0  

0 1 

0 

      
 

 300 10 

 
 
   2   

7.5 

 15 

1 

15 7.5

 15  
15 40

 15 20  

15 7.5

 15 
20 15

 

300 KNm 

4 m 2 m 
3 

1 
1F 

M 1 ,1 

2 
2F 3 

3 F 

M3 ,3 

 
M2 ,2 

1 
l1 =4m 

2 l2 =2m 




2 


2 


3 


3 

2 

3 

6 

2 

16, 2l2 8 
l3 23 

2  2  For element 2, 
EI  

40000 103  

   
5 10 , 6l2 12, 4l2 

0 

0 

F ( 

 
k 

(2) 
  106 

  

40  
2 

60 60 60 60 

 60 40 60 80 
 

3 

3 

 60 60 60 60    0 
2  

 60 80 60   3  
2)   

300 
10 

2 


3 

 
  

 
 
 

300 KNm 

4 m 2 m 3 

  1  F1 

M 1 ,  1 

  2  F2   3  F3 

M3 ,  3 

 
M2 ,2 

1 
l1 =4m 

2 l2 =2m 



After assembling the element stiffness matrices and load vectors, we 

get 

the global stiffness matrix K  k (1)   k (2) & thereby the 

equilibrium  equations of the whole beam is given by;Kv  F 
0 

0 0    
0   v1   

 
1  

0 

0 

 7.5 

0 

0 

40 
  

 300 103  
2  

 
 
    

7.5 
106 

15 7.5 15 0 
 15 40 15 20 0 

15 67.5 45 60 
 

15 20 45 120 60 

0 60 60 60 

0 60 40 60 

 
60  v2   

 0  

    
 
 
 

 60 3 
 

    

 
 
 
 80  3   



Using bc's 1 3   0,by elimination approach, we get  

dispalcements & slopes; 

2 
106  

80 3 
 

0 0  1    
60 v   3  300 10 

0 

0 

40 
 

 
2  

     
  

   
 

 
 
 

 

 40 15 20 

15 67.5 45 

 20 45 120 

 0 60 40 

(ii) 

(iii) 

(iv) 

By matrix multplication; 

From first row, 401       15v2   202       0 (i) 

From second row, 151  67.5v2  452  603  0.3 

From third row, 201  45v2 1202  403  0 

From fourth row, 60v2  402  803  0 



Multiplying eqn (iii) by 2 and subtracting eqn (ii), we get 

105v2   2202      803      0 (v) 

Multiplying eqn (iii) by 0.75 and adding eqn (ii), we get 

(vi) 101.25v2 1352  903  0.3 

Solving equations (iv), (v) & (vi), we get; 
3 

v2  = -0.0267 m, θ2 = 6.67  10 rad 

θ3  = 0.0167 rad , θ1  0.0177 rad 


