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BEAMS
Beams play a significant role in engineering applications,
including buildings, bridges, automobiles, and aircraft

structures.

A beam is defined as a long, slender structural member
whose cross-sectional dimensions are relatively small

compared to its length.

Beams are generally subjected to transverse loading and

produce a significant bending moment.

The deformed shape of a beam is described by vertical

displacement ( deflection) and rotation (slope) of the beam.
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HERMITE SHAPE FUNCTIONS FOR BEAMS

e The shape functions chosen for beam element should
meet the C! continuity requirement which states that
the transverse displacements and slopes must be
continuous over the element.

* Hermite shape functions are used for interpolation of
dependent variable (displacement) and its derivative
(slope).

e The transverse displacement field is of cubic order
expressed in natural coordinate system as;
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Or \=Hyv,+ B+ H,v,+HE ----- (i) where
H, represents deflection at node 1, H , represents slope at node 1

H ;represents deflection at node 2, H ,represents slope at node 2

(%) — (91: Slope or rotation at node 1,
1

ov =0 = Slope or rotation at node 2
ox ),

v, = Transverse displacement at node 1,

v, = Transverse displacement at node 2

Also x = N, x, + N, x, :(%)k 1+(1+Tajc >

X + X X, —X OX [
x=( 12 2j+( 22 1j§:> % (5} where [, = (x,— x,)
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and {q}= {v ]
Boundary condition table for two noded beam element :

(To find thevaluesof H,,H,,H; & H,)

By chain rule of differentiation,
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Derivation of Hermite shape functions of beam element :

y
’ 3
@(i\ I, (jz\’xa &

— 1
0, —dx i L 2 dx:
‘ y Beam Element

To find shape function H,: As there are four degrees of freedom,

assume a polynomial displacement model as H,=a, + azlé‘ +a,é + a3é3‘
where; a,, a,, a, & a;are the generalized coordinates to be determined
from the nodal coordinates.

At node 1 : H=1&-1= a,—a,+a,—ea;=1 (i)

oH, OH, _

Also 0
0 0¢

=a, +2a,& 3a £ Atnode 1 (&-1),

= a, — 2a, + 3a;=0--{ii)



At nOde 2 . Hl — O, 5:1:> Cl0+ a1+ Cl2+ CZ3ZO "'(lll)

OH OH, _ |
05

L= g, +2a,&+ 3a £ Atnode 2 (&1),

= a,+ 2a, + 3a;=0---(iv)
Adding (1) & (111) , 1 =2ay+ 2a,= a,+ a,= 0.5
Adding (1) & (1v), 0 = 2a,+ 6a,= a,+ 3a,=0 = a,=—3a,

Substituting the above in Eqn (i), a,+ a,+ a,+ a;=0

34, +0.5+a,=0 ora, - (l) “a = (?)Substituting in Eqn (iii)

4
. Shape function H, —%——§+O+ — :—(2 3&+¢E )

Or H, = 2(1' &Y (2+9)



H, :i(2—3§+§ 3):5(1- &Y 2+9)

Similarly,

using bc's @ &=-1,H , =0, aaHz =1& @&+1,H , =0,88—122=0weget

1 =1 =1 = _
a_ ,al_ ,az_ ,a3_

1., lg . _ Ly ey
= p ; ] -H2—4(1§f+§) (1-¢) (€+1)

OH OH.,

using be's @ &=-1,H | =0,5—§3=0 & @&=+1,H |, =1,¥=0weget

ek
[O%)

a=",a=",a,=0, a3:_—1
° 2 4 4
using be's @ &=-1,H ,=0, 8514

Hy=y @+358)=L (146 2-9

oH, _

=0 & @.=+1,H ,=0, p 1 we get

o ==l 4ol L, Ly =t(-gese)=taey s
4 4 4 4 4
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H,=1
n=0,0,=0
1 | 2
v; =0
0,=11
1 2v,=0,0,=0
n=1,60,=0
H,=
v =0
0,=01
2
1 2
Vi =0 1 »=0,606,=1
6,=0

Variation of Hermite Shape functions



Derivation of stiffness matrix of a beam element :

2
Strain energy for a beam element 1s given by U, = — (2 ) dx
x”
A OV _ov ox _ov_[2) av [ ax_(L)]
T w T w3
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.X
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Let 202 [C 100} where: _
(c1- (4\faH (IV(’BH\EBH (1Y o,H )

e e ) @ hae )

Substituting in equation of Strain energy, U , = — J‘ EI ( {v}) dx

ZEJ{V} (EI C]T )v} dx= " J‘{v} [k ]{v} dx where;

k]:jEI[CT[C]dx:jEl [T [c —Qd.f— Lﬂ C]T [clé

|[ dx = %dg& limits are &= -1 & +1}




Also [C] (_\FaH (l\(aH\ 8H (1Y o,H

:U{ 2 ) 2 la)

Substituting H, = Z(Z 3&¢ ), H, = i(l—éj—f +§),
H. =%(2+3§—§ ")H, =%(2+3§—§)= 1§+§2 ED &

differentiating twice, we get;

[C]=(l—lj[6é 1035 —65 1(1+3]]

12 6L -12 6l ]

1 ) 6/, 4> -6 2I°
= [[c] [clas 4 -12 —el 12 -6l
-1 e e e

6L, 20> -6l 4P




| EI
But [k |== [TcT [clae
-1
i 6, —-12 6l
[k IEI 2|6l 4> -6l 21?
= | K° |=——X
2 1*-12 -6l 12 -6l
6L, 20> -6l 41>
(12 61, -12 6L ]
[ k] El 61, 41> -61, 21’ st ric of B
€ e —> ljrness mairix o eam eiemen
Pl-12 -6, 12 -6l
61, 217 -6l 417




Load vectorsin Beam element :

(i) Load vector due to Point loads : Fp FZ
(P ) A p A
2 T~ M ~TaM,
Fl | pr !
M| _| 8
Fi=yp - b 2 . 2
2
M1 | 2
Pl
L 8 F,FM
.. ‘1 1 P ‘F 2M2
(ii) Load vector due to UDL : 0
IW\
[P )
( 2 - L -
Bl pe
M
(Fy=1 pt= o
2 | %l Note : Substitute P or P,as negative if the loads are downward
M, |
A
[ 12




| Py / unit length

Problem 1
A cantilever beam subjected to
a uniform load qo is as shown
in fig. Solve for displacement,
rotation & nodal forces.

Assume the beam to have

idity El throughout
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| 12 6/ -12 6l

2 2
Stiffness matrix : [K ]:%I 6/ 4I° -61 2I
I'|-12 -6l 12 -6l

L 6l 2017 -6] 41°.

Equilibrium Equation : [K ]{q} = {F } where;
P12 Pl P zle

=ty 0 v of wmatr-{L] =

Using bc's at nodes 1, v,=0=0 and also UDL = —P,(as it is downwards)
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Internal nodal forces:

Pl
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Problem 2

For the beam loaded as shown in fig, determine the slopes at

2 & 3, and the deflection at the midpoint of the distributed

load.

12 KN/m

—TE O 4

E=200 GPa, I = 4 x 10° mm?*




12 KN/m
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E=200 GPa, I=4 x 10°* mm?*

V1, Fi V2,F, V3, F;

Ahgyk\ M;. 9
» V3
M, 0 } 5 / \ 5
l1=2m b=2m

| 12 6/ -12 6l
El 2 2
Stiffness matrix : [K|= — 6/ 4l 6l 2l
Pl-12 -61 12 -6l

6l 202 -6 4%




For element 7,

EI 200 x10°x 4x10°°
5 E
1

=8x10°N—m, 6l,=6,4]>=4,2]= 2

141 q ©) 6
12 6 -12 6

6 4 -6 2| g
k(l)_| —8x10° FO L= ]
|: J -12 -6 12 -6 v, { } 0 ¥

_ 6 2 -6 4 _ 92 0] 4
For element 2, (P,=-12 KN [/ m as UDL is downward)

EI
L

S O
> =

2
=8x10°N—-m, 61, =6,41*=4,2]*=2 <= é——6 ><103N,L2I%;—103Nm

Vv, 6, V3 6
(12 6 -426]V (6] v,
s 4 -6 2 0 1l
k| =8x10° FO =103
K =8 I-12 6 12 —6| v{ = 16/,
6 2 -6 |
L1 )e

S N R



After assembling the element stiffness matrices and load vectors, we get

the global stiffness matrix & thereby equilibrium equation.

(12 6 12 6 0 0](w) (0

6 4 6 2 0 0 6’1| 0

12 -6 24 0 -12 6]|]|v 16
8x10° =107 1
6 2 0 8 -6 2 ﬁe? 1

0 0 -12 -6 12 —6/|ul 6|

0 0 6 2 -6 4[4 1

Applying boundary conditions v,= 0, = 0 (fixed end ) and v,=v;=10
(vertical movements are constrained at roller supports) the equilibrium

equation becomes;

8x10° 8 2 @L—[ 1000] 0 5 —2.68x10™ rad,0= 4.464x107* rad
2 4]0 i+1000j



Vertical deflection at mid span (of element 2)is = Hv at &= 0
But,v=H v, +% H,0+H vy , +%H4(93 Here,v, =v, =0
[

:>V=O+%Hﬂj—0+ eéq 0, ,

Also H, = i(l—g—&f) LAtEO0H =i
1
4

v=0+ %x(%}x(—2.68x104)+0+ %x(—%](4.464x104)

v =-0.893x10"*m=0.0893 mm

and H4=i(—1—§—|—éﬁ+f’) LAt E=0,H =



Problem 3

Determine the maximum
deflection & the internal loads
in the uniform cross section of
the cantilever beam shown in

fig If the bea k¥ treated as a

10 KN/m
Ngle finite element.

SN\
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4 m —l

el

E=70 GPa,I=4x10 ‘mm?



v, F

v, F

2272

~/

9 4
Lore El _ T0x10" x4 %10

100 KN
10 KN/m (t\
/ , -
//-- 4dm | aM,
E=70 GPa,I=4x10 ~‘mm?
|F 12 6/ -12 6l
/ _ 2
[K]ZESIU@ 6/ 21 =
Pl_12 -6 12 -6l !
6l 20 6] 4]%
6l =6x4=24, 42=4x4 =64, 2>=2x4* =32
4 q Y &
12 24 12 24,
64 24 32
— [k]=0.4375x10°| ** K
~12 24 12 24| .,

43

&

Q?MZ

=0.4375%x10°



10 KN/m

100 KN

]

SO\

4dm

T

B

E=70 GPa,I=4x10 ~*mm*

-

-

—10x4
2
~10x 42

12
T10%b |
>

10x 47>
L 12

Vl’Fl Vo Fz
(IL? 4dm \—TZ
(9,1M X QzM 2
20KN ),
" |-13.33KN -m o
r _120 KN - m

13.33KN -m | 4,




The equilibrium equationis [ K |{q}= {F

12} 24 -12 241' 0 F|
|24 64 24 32 0 _ MlL
= 0.4375x10 < )
~12 24 12 —24} -87.62x10°{ | F, |
24 32 24 64 ](3238x10° | lp,]

The equilibrium equation after applying bc's vi=4=0

and elimination of corresponding rows & columns is,

12 =24) vyl [-120
0.4375x10 1_24 64“93 =10 {13.33}

. v, _ 107 -87.62m
0, 32.38 rad



Internal loads of the elements is given by :

J\

-

M

F|

F

2

M, |

1L:[K]{q}=(l4375x106

([ 120KN
466.67KNm
-120KN

13.33KNm ||

12
24
—12
24

24
64
—24
32

~12 24""

24 32
12 -24

24 64

0
0

128762510 {

32.38x107°




Problem 4
Fig shows a simply supported subjected to a
uniformly distributed load. Obtain the slopes at
the supports and the maximum deflection in the
beam. Take E= 200 Gpa and | =2 x 106 mm*.

12 KN/m

e
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12 6l -12 61
2 2
Stiffness matrix : | K |= E_3I 6/ 41 -61 2I
Pl-12 -6 12 —6I
6l 212 —6] 412

EI _200x10°x2x10°

ﬁ{fe; — 40())(103 — 4OOKN—m

l3 13

6/=6x1=6, 41> =4x1* =4, 2[°=2x1*=2
Y 4 ¥ o)

12 6 -12 6| ,v1|
6 4 6 2o 0

k]=400 o
[K]=4000 1) 6 12 6 R Ui P
L6 2 6 4. 4



Load vector {F } ={

p,=-12KN/m, {F}=1

= 400

12
6
—12
6

4
—6
2

V,, F,

\

/_t\

I m 2
92’M2
2 271
pi pl” pl _pd l AsUDLis downward,
2 12 2 12J
[—6]
-1 %
P + Equilibrium equation is [K ]{q}= {F }
0
il
12 6 er\ (6
-6 2116 —1
2 >:< e
12 —6(|v,[ |-6




The equilibrium equation after applying bc's v,= v,=0

and elimination of corresponding rows & columnsis;

ARN -1 0 -1.25
4001 1}1 = l =< =107 radians
2 4110, |+ 0, +1.25
Maximum deflection (at mid span)is = Hv at &= 0

But,v:H1v1+%H291+H ¥, +%H46’2 Here,v, =v, =0
= :O+l—€H2«91+O+l€—H q, Also H, :l(l—§—$+5)
P 2 4

s At &=0H =%



Also H =1 (-1 -&&+8) .~ AL&E0H =-

‘g 2
[

v=O+%H26’1+O+ eaHﬂz

o O+%x(%)x(—l.25><103 )—I— 0+%x(—%)(1-25><103)

. -3
% =£ 121)(10 ) =-3.125x10"m = 0.0003125 mm




Problem 5
A uniform cross section beam is fixed at one end
supported by a roller at the other end. A
concentrated of 20 KN is applied at the midspan
of the beam as shown in fig. Determine the
slopes at supports & deflection under the load.
TakeE= 210 GPa and |=2500 mm>*.

20 KN

|

Im

NN\




20KN

Vi, F; V2, F, V3, F;
| | 1
, i 9
™ M2 1™ [ \Ms,es
M1’0 b b
7 Im (1 | beosm| Leosms |’
|_ 12 6/ -12 6l
EI 2 . 2
Stiffness matrix - [K ]: — 6/ 4l 6l 2
F'l-12 -6l 12 -6l
6] 217 -6l 4]%]
; }
For element 7, %= 210 10 X(?Ssgo A0 4200N-—m=42 KN —m
1
6l1 =6x0.5=3, 4l2 4(0.5)*=1, 212 2(0.5)* =
v, 6’1 v, 9
12 3 ~12 31
I 3 o5l
SR =42 F | =|_|_k(2) | (Due to symmetry)
~12;-3 12 -3 |,
37 os | -3
1 0

L1



Global stiffness matrix [K |= |_|_k<1>—|_|+ |_|_k<2>_| I
3 -12 |

[ 12
3

312
K|=4.2
:>[ ] ).53

0 0
i

o

le. 4.2

2

24 0
0 2
~12 -3
0 0
1]

12

24 0
0 8
—12 -6
0 O

-3

6

30 0
05 0 O
-12 3
-3 0.5
12 -3
305 -3
0 Lv ]
-1 9}
_66 ? V
-12 2 ﬁe?
6 ¢ \é|
124 Jlia)
6 2 -6




Applying boundary conditions v, = 8,= 0 (fixed end ) and v,= 0
(vertical movements are constrained at roller supports) the equilibrium

equation becomes;

24 0 31(v,] [-20
4200 2 05 4'9%'4 0 ¢
3 05 16 |0

. 3 . J

= 1,=-0.3472m, 8=0.2976 rad , = 1.19rad



Problem 6
For the beam fixed at both ends and loaded as

shown in fig, determine the displacement and
slopes at node 2 & reactions at the nodes 1 & 3.

E=210GPa
10 kN b=02m h
'/ROKN"" =0.4m
/ %
\ %
———
7 3 377
1 3m —L 3m

Here,Moment of inertia of the beam section is

b’ 0.2x0.4°
12 12

[ = =1.067 x107




10 KN

/_i_\zo KN-m
\

O —_
<

N\\\

[

Stiffness matrix : [K ]: —

For ele/ment 7,

6l

6x3=18, 4l2

k0] =8.3x10°

1

18 j8

E=210GPa Vi, Fy V2, F> V3, I3
b=02m h | A ‘
=0.4m M, 6,
R v 1I\Ms, 65
M, 0 )
4 7// (14) l1=3m \i: lz=3m\t 7
3
|| 12 6 -12 6l ]
El'l 61 41> -6 2I°
Pl-12 -6l 12 -6l
6l 20> —61 417
EI 210 x10° x1.067 x10
= = 0 X3(Z6 . = 8.3x10°PN —m=8.3x10°KN
4(3°=36, 2I°=2(3)=
v 6, vy o,
(12 18 -12 18—‘ v,
18 36 —18 18 ! o R
" E1k® || (Due to symmetry)
—12-18 12 -18/+, L Y 4
~18 36 ' 4



Global stiffness matrix [K ]=k® I [|k® |

(12 18 -12 18 0 0 |
18 36 —18 18 0 |0|

- J-12 -18 24 0 -12 18 )
=[K=8300 e 0 g s | Ui KHa =1
00  -12 -18 12 18
. '0 o0 18 18 I8 36
] 0 |{v,] [0
| 12 18 -12 18 Oo} 9] 0 ]
18, 36 -18 18 0

ie. 8.3><103__1§2 a0 1 i: Lg} _. 2100|$

lig 18 0 72 -18 _ig »;I

0 12 -18 12 % |l

| 0 0 18 18 —18



Applying boundary conditions v, = 0,=v;= 0;= 0 (fixed ends)

the equilibrium equation becomes;

8.3x103{

24 01 (v
0 72

Jle!

_ (-10)
_{ZOT

= v, =-50.22 x10°m, O5 33.46x10°°
Reactions : {R}=[K]{Q}—{F

-

R, |
R

2

R

3

R

4

R;
R

6

» = 8.3x10°

J

~{R} = {10

12
18
—12
18

18

36

—-18
18

—12

—-18
24
0

—12

18
18
0
72
—18
18

rad.

0 0
0 0

—12 18
|J

—18 18
12 —|1|8

18 —18

2.5}

0

0
—-50.22 x107°
33.46x107°

0

0

b=




Problem 7
A simply supported beam of span 6m
and of uniform flexural rigidity El =
40000 KN-m? is subjected to a
clockwise couple of 300 KNm at a
distance of 4m from the left end.
Deter%i(r)wl%N”gzhe deflections at the
point of application of the couple &

the slobes/at the I;ééé)rts.
2m

4dm

- el T




300 KNm

VI,F 1 VZ)F 2 V3)F 3
N | \ \
M: 63 M
Dt O
4m 2m U1 =4m L=2m
o — -

12 61, -12 6l ]

| 2 :
- 2
For element 7, stiftress matrix [ k(l)] _ % 6lle2 46l; 16;8 6%

6, 202 -6 412

e e

EI  40000x10°

Here, —5-=——5——=0.625x10°, 6l =24,41} = 64,21 =32
1
[ 7 » & - 3
7.5 15 —7.15 2 0
1 6 15 |6i 1 0
[k( )] =10 b Load vector {F< ) }: q
75 15 40, 0
15 _15 20||6’2 k_300><10—3)
B —15 7.5

15



300 KNm

- Vi, F,
\ | 1

_\
7 2 1’0(1 /

-t l1=4m

EI _ 40000 x 10°

For element 2, 3 5>< na
l 23
2
1©) 6 V3 &
" 60 60 —60 601
80 —60
Tk feroe | 40 « {F
| —60 —60 60 —6|0i
60 40 60 80 |

o,

6, 12,412=16,21}=

8



After assembling the element stiffness matrices and load vectors, we
get

the global stiffness matrix [K] =k ¥ +k @&

equilibrium equations of the whole beam 1s given by; [K] {\Q } =F

thereby the

75 15 =75 15 0 O I(v)] [ 0
15 40 -15 20 0 O } 91| 0

05 =715 —-15 675 45 -60 60 vz} 0
15 20 45 120 —-60 40 {{0]| |-300x10’
0 0 -60 —60 60 —60]||ul 0
0 0 60 40 -60 80 |4 0




Using bec’s vi=v, =0,by elimmation approackh, we get

dispalce/ments & slopesy

40 15 20 0[] [ O
|-15 675 45 60||v ~300x10" |
10 § ot =

20 45 120 40/|6, 0

0 60 40 sgojllgy L o

By matrix multplication;
From first row, 404 —15v, + 206=0 ------ (i)

From second row, —158+ 67.5v,+ 456+ 606=-0.3

From third row, 206+ 45v,+1206,+ 406=0  ------ (iii)
From fourth row, 60v,+ 406+ 806=0  ------ (iv)



Multiplying eqn (111) by 2 and subtracting eqn (11), we get

105v, + 2208 + 806=0 -----. (v)
Multiplying eqn (111) by 0.75 and adding eqn (11), we get
101.25v,+13568+ 906=-0.3  --.--. (vi)

Solving equations (iv), (v) & (vi), we get;
v, =-0.0267m, 0,=6.67 x 10 rad b
0;,=0.0167rad 0,=0.0177 rad



