FEM
Module One Problems
By V Balaraj

1. A rectangular bar is subjected to an axial load P as
shown in Figure. Determine the expression of PE
functional and determine the extreme value of the PE
for the following data E= 200 GPa, P = 3kN, L=100
mm, b=width = 20 mm and t = 10 mm..

Solution
PE=SE + WP

SE=%0 €V=%a cAL

E
e=2 and o = E €= =%
L L

1Eu?AL 1Eu?A
SE = - ==

2 12 2L
WP=-pu
_ 1Eu?A
= o pu
Apply minimum PE principle
on Eu A
- 1 =0
u = 200190 - =7.5x10"3mm
10x20x200x10
2
T = %EzA— pu= —11.25N —mm

2. Using the principle of minimum potential energy determine the displacement at
the nodes for a given spring system shown in figure.

% o
l/\AL
Ki=40 N/m
F1:60 N
K2:60 N/m
Ej_/\/\/a\/\/\L
2

,Ul_/\/\/éa/\/\/\__liz_> F-=50 N
K1=80 N/m -




PE = SE + WP

SE = ~k18% + - ky 8% + - k383

SE = %k1u§ + %kzu% + %kg(uz —uy)?
WP = —Fu, — Fyu,

1 1 1
= Eklu% +Ek2u% +Ek3(u2 — u1)2 — F1u1 — quz

1;,;1:: kiju; +kau; —kz(up —uy) —F;=0

(ky + kz + k3)uy — ksu, = F4

180 u; —80u, =60

19_1[: —k3u1+k3u2 _FZ =0

19112
—k3u1 + k3'll2 = FZ

Ui=1.1mand U;=1.725m

01

02

3. Using the principle of minimum potential energy determine the displacement at

the nodes for a given spring system shown in figure.

K1 U,
.4\/\/\/\/\/\_—.—’
51 Fa
K U,
—» b
82 K3 U3 K4
Y Ve VA VA 4 Vo Y
83 R
PE = SE + WP Fs

SE = k183 + k83 + 5 k383 + k3 83

1 1 1 1
SE = Ekl(ul — uZ)Z + Ekzu% + Ekg(ug - uz)z + Ek4u§

WP = —F1u1 —quz —F3u3



™= %k1(u1 —uy)? +%k2u% +%k3(u3 —uy)? +§k4u§ — Fquy — Fou; — Fug

I
e ki(uy —u,) —F; =0
k1u1 — kluZ = F1 01
Im
Y —k,(u, - uz) + kou, — k3(u3 - uz) —F,=0
2
—k1u1 + k1u2 + kzuz + k3U2 - k3U3 = FZ
—k1u1 + (kl + kz + k3)u2 — k3U3 = FZ 02
I
oz ky(u; —u,) +ku; —F3=0
From Equation 1, 2 and 3
kl —k1 0 Uuq F1
_kl k1 + k2 + k3 —k3 uz = Fz
0 —k3 k3 + k4_ us F3
4. Figure shows a bar fixed at both ends subjected to 7
g . . . J EEA [ ”P ﬁ
an axial load. Determine the displacement at the %
) ) . . « 2 o1
loading point and the corresponding stress using ¢ > >
Rayleigh- Ritz method. ) "
Step 1: Formulation of PE functions
[1=SE+WP
EA (1 (0u)?
H_TO(&) dx—pum 01
Step 2: Selection of Displacement Model
u=ay+ax+ a,x? 02
BC-1 x =0, u=0 then a,=0
BC-2 x=Lu=0— 0=a,L+ a,L?
al == _azL
u = —a,Lx + ay,x*—> u = a,(x? — Lx) 03



ou

Pl a,(2x — L)
2
(25) = a3(4x? + 17 — 4Lx) 04
2 2 2
x=§—>—>—>u=um=a2(§ —L;)—>—>um=—a2% 05

Step 3: Substitute in PE
EA (1 L?
[T ==J,a3(4x* + [* — 4Lx)dx + p a,

E a3L3 a,L?
[T =2+ 06

Step 4: Applied Minimum Potential Energy
oIl _ 2Ea, L® n p L2

x 6 P 0
az - __Sp 07
4FEAL
Substitute in Equation 03
u=——2 (x2 - Lx) 08
4EAL
_ E _ _ 3pL
XY= U T Um = ek
Position (x) in= 0w _ _ 3P _ = _3P o, _
Strain ™ oAl (2x — L) Stress Al (2x — L)
x=0 3p 3p
4EA 4A
x=L/2 0 0
X=L _3r _3
4FEA 4A

5. Figure shows a bar fixed at both ends subjected to continuous axial load.
Determine the displacement at the loading point

and the corresponding stress using Rayleigh- Ritz — > ——
method.
< L >
Step 1: Formulation of PE functions
[1=SE+WP
EA (1 (0u)? L
== (&) dx — [, Fudx 01

Step 2: Selection of Displacement Model



u=ay+ax+ a,x? 02
BC-1 x =0, u=0 then a,=0
BC-2 x=L u=0— 0=qa,L+ a,L?

a, = —a,L
u=—a,Lx + a,x*—>u = a,(x? — Lx) 03
== a0 - L)
(a—u) = a5(4x* + L* — 4Lx) 04
f Fa,(x? — Lx)dx = FazL 05
Step 3: Substitute in PE
1 = %f; as(4x? + L? — 4Lx)dx + Faz
__Eajl®  Fa,l?
[I=——+— 06
Step 4: Applied Minimum Potential Energy
a1 _2Ea, L3  FL3
_— = O
ox 6 6
F

a, = —ﬁ 07
Substitute in Equation 03
u= —ﬁ(x — Lx) 08

_L_ _ _3FL?
XY= U= Um = Tym

— G
Position (x) Strain= _” = _ﬁ (2x — L) Stress = — ” (2x — L)
X=0 L% FL
2EA 2A
x=L/2 0 0
X=L _ L i
2EA 2A

6. A cantilever beam of span L is subjected to a
point load at free end. Derive an equation for the g ELL lp
deflection at free end by using Rayleigh- Ritz
method. Assume polynomial function




Step 1: Formulation of PE functions
[1=SE+ WP

EI (l [8%y)\°
I1 z?fo(@) dX—me

Step 2: Selection of Displacement Model
y =ay+ ax + a;x?* + azx3
BC-1 x=0,y=0 then ap=0

BC-2 x=0 2 =0 then a;=0
ox

_, 0%

BC-3 x=L Pyl 0 0=2a,+ 6asL
a, = _3a3L
y = =3azLx?* + azx3—> vy = az(x3 — 3Lx?)
9y _ 2 _
o a;(3x“ — 6Lx)
62
a_szl =6az(x —1L)

0%y 2
(ﬁ) = 36a3(x? + L? — 2Lx)

x=L-o->->y=y,=as(l3—3L%) 5> Y, = —2a3l3
Step 3: Substitute in PE

[1 = %f; 36a3(x% + L* — 2Lx) + 2a3L3P
[1 = 6Ela3L? + 2a3L3P

Step 4: Applied Minimum Potential Energy

U = 12EIa,L + 213P = 0
P
a3 = —

Substitute in Equation 03

P
y=——(x®=3Lx?
__PL?

Ym = 3
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04
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06
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7. A cantilever beam of span L is subjected to a uniformly
distributed load. Derive an equation for the deflection at
free end by using Rayleigh- Ritz method. Assume

\

E ILL



polynomial function

Step 1: Formulation of PE functions

[1=SE + WP
EI (1 /9%y)? L
M =2/(52) dx— [ Fydx 01

Step 2: Selection of Displacement Model
y =ay+ ax + a;x* + azx3 02
BC-1 x=0, y=0then a,=0

BC-2 x=0, a—Y — 0 then a,=0

BC-3 x=L % =0 0=2a,+6asl

a, = —3asL

y = =3azLx?* + azx3—> vy = az(x3 — 3Lx?) 03
g_y = a3(3x% — 6Lx)

Z— = 6az(x —1L)

(a—y) = 36a2(x? + [2 — 2Lx) 04
4

fo Fas(x3 — 3Lx?)dx = — 3F13L 05
Sep 3: Substitute in PE
[T == [)36a3(x? + L2 — 2Lx) +3Fa3
I = 6EIa2L? + 22X 06
Step 4: Applied Minimum Potential Energy
orl _ 3 4 3FL*
~. = 12Ela;L? + =0

FL

as = —@ 07
Substitute in Equation 03

- = 2
Y=~ Tem (x — 3Lx%) 08

FL*

Ym = g




8. Simply supported beam subjected to point load at the

centre. Derive an equation for maximum deflection

using trigonometrical function by Rayleigh Ritz
method

Step 1: Formulation of PE functions
I1=SE + WP

2
1 2
I1 =%fo<%> dx —py,,

Step 2: Selectlon of Displacement Model
y=_C 51n—

BC-1 x= Otheny=0
BC-2 x=L theny =0

BC-3 x=L/2then X'=0
ox

y = Csin—x

Step 3: Substitute in PE

El 27‘[

[T = zfo L451n——Cp
C*Elmt

m==5-
4L

Step 4: Applied Minimum Potential Energy
o _ 2C EIn*
ax  4L3

_2prL?

"~ Elm*
Substitute in Equation 03
2PL® . mx
Elmt* ! L
__2prL?
~ EIm*

—p=0

A
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9. Simply supported beam subjected uniform distributed

load on the beam. Derive an equation for maximum g

deflection using trigonometrical function by Rayleigh
Ritz method

Step 1: Formulation of PE functions
[1=SE+ WP

1 _2f0< > dx — fOFde

Step 2: Selection of Displacement Model
y=2C sinnTx

BC-1 x=0theny=0

BC-2 x=L theny =0

ay

BC-3 x=L/2then — =0
x 0x
y=Csin—

2FCL
T

[“pydx = f pCsm—dx—

Step 3: Substitute in PE
n= EZI fo nmx  2FCL

F T m
C’Elm* _ 2FCL

H_ _
413 T

Step 4: Applied Minimum Potential Energy

a1 2C EIm*  2FL
o _ — =)
0x 413 T
__4FL*
"~ EInS

Substitute in Equation 03

AT IR RNRNRN

El

»

A

L

01

02

03

04
05

06

07

>



__4FL* | mx
Y = e
V. = 4FL*  FL*
m ™ pigS  76.52 El

08




10. A cantilever beam of span L is subjected to a
uniformly distributed load. Derive an equation for the
deflection at free end by using Gelerkin technique.
Assume polynomial function.

Step 1: Formulation of DE functions
oty .
Elﬁ —F=0

Step 2: Selection of Displacement Model
y =ay+ a1 x + a,x® + azx3 + a,x*

BC-1 x=0,y=0 then ap=0
BC-2 x=0,2=0  thena=0
2

BC-3x=L 25 =0 0=2a, +6asL + 12a,L?
az == _3a3L - 6a4L2

3
BC-4 x=L 22 =0 0= 6a;+24a,L
a3 == _4‘ a4L

Substitute (4) into (3)

a, = —-3(—4a,l) L — 6a,l?

a, = 12 a,L? — 6a,lL?

a, = 6 a,L?

Substitute equation 4 and 5 in equation 1
y =6 a4l?x? — 4 a,Lx3 + a,x*

y = a,(x* — 4 Lx3 + 6L%x?%)

wy; =x* — 4 Lx3 + 6L%x?

D~ q,(4x3 — 12 Lx? + 12L%x )

dx

2%y 2 2
5= a,(12x% — 24 Lx  +121%)
03y

ﬁ = a4(24x — 24 L)

0%y

ﬁ = 24&4

Sep 3: Substitute in DE and equating to R
El 24a, —F=R

08

gﬁwﬂm&m

E.ILL
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Step 4: Applied Galerkin technique (weight residual technique)
f(} WlR dX =0
[ie* — 4 Ly + 612x7)(E 24a, — Fydx = 0

El 24a, —F =0
_ F
A = SE
Substitute in equation 6
y = %(x4 — 4 Lx3 + 6L%x?) 11

Maximum deflection isat x = L
y=——(L* - 4LL1* + 6121?)

__ F3L*
Ym = Smr

__ FL*
Ym = "SEI

10

11. A cantilever beam of span L is subjected to a
point load at free end. Derive an equation for the S - lp
deflection at free end by using Galerkin method.
Assume polynomial function

Step 1: Formulation of DE functions

oty
EI@— 0 01

Step 2: Selection of Displacement Model
y =ay+ a;x + a,x? + azx3 + a,x* 02
BC-1 x=0,y=0 then ap=0

BC-2 x=0,2-=0  thenai=0
2
BC-3x=L 25 =0 0=2a,+6asL + 124,12

a, = —3azL — 6a,l? 03
_, Y _-P -P _

BC'4 _);—L ﬁ —_ El El —_ 6(13 + 24‘ a4_L

a3 = = 4‘ a4_L 04

6EI
Substitute (4) into (3)

—P
a, = _3(@ —4a,l) L —6a,l?



PL
a, = —+ 12 a,L? — 6a,L>
2EI

__PL

=—+ 6 a,L*
2EI

a;

Substitute equation 4 and 5 in equation 1

— (PL 2y,2 4 (ZP _ 3 4
y—(2E1+6a4L )x +(6E1 4a4L)x + a,x

PL P
y=—x%+6a,l?x*——x3—4a,Lx3+ a,x*
2E1 6EI

P x3
= E(sz -+ a,(6L%x% — 4 Lx3 + x%)

wy = 6L2x%2 — 4 Lx3 + x*

dy P 3x? N . 3
a=m(2Lx _T)-l_ as,(12L°x — 12 Lx* + 4x>)
0%y 6x

2= (Q2L-9) + a (1217 — 24 Ly +12x7%)

63}7_ P 0 6+ 24 L + 24
o~ 2er 073 T aal * )
0%y

ﬁ= 24(14

Sep 3: Substitute in DE and equating to R
El 24a, = R 08

Step 4: Applied Galerkin technique (weight residual technique)
fol w;Rdx =0
[(x* — 4 Lx® + 617x2)24a,dx = 0

a4 == 0
Substitute in equation 6

3
— (Lx? = %) + 0(6L2x% — 4 Lx® + x*¥)

Y = Jm

05

06

07

09

10



P

_ 2 x3
y_ZEI(Lx 3)

Maximum deflectionisatx =L

_P g2 E
ym_ZEI(LL 3)

_ P13

Ym = 3

12. Use Galerkin method to find the displacement
of the system shows in Fig.

Step 1: Formulation of DE functions
0%u

Step 2: Selection of Displacement Model
u=ay+ax+ a,x?

BC-1 x=0,y=0 then ap=0
BC-2 x=L, 2 =" =a; +2a,L
a, = 1E 2a,L

Substitute in 2

u= Z—; —a,(x? — 2Lx)

u= Z—; —a,(x? — 2Lx)

wy; = x% — 2Lx

au_ P ) oL
9%~ ap % (x )
2

a_uzzaz

EA L

01

02

03



Sep 3: Substitute in DE and equating to R
2EAa, = R

04

Step 4: Applied Galerkin technique (weight residual technique)

[iwiRdx =0
[i(x? = 2Lx) 2EAaydx =0

a2 - 0
Substitute in equation 6

u="2_0(x%-2Lx)
AE
_ Px
AE .
Maximum deflectionisat x =L
PL

Um = 7

05

06

13.  Use Galerkin method to find the displacement of the
system shows in Fig.

Step 1: Formulation of DE functions
2
EAZY+F=0
0x?

Step 2: Selection of Displacement Model
u=ay+ ax+ a,x?
BC-1 x=0,y=0 then ap=0

BC-2 x=L, 2 =0=a, +2a,L

a1 = _ZazL
Substitute in 2
u = a,(x? — 2Lx)

wy; = x% — 2Lx

ou
i a,(2x —2L)

EA L

—>—>—>Ltp—»|

01

02

03



0%u
—_— = 2(12

0x2

Sep 3: Substitute in DE and equating to R

2EAa, +F =R 04
Step 4: Applied Galerkin technique (weight residual technique)
fol w;Rdx =0 05

[(x? = 2Lx) (2EAa, +F) dx =0

(2EAa, +F) = 0 06
F

a, = ——
2 2EA

Substitute in equation 6

__F 2 _
u= 25a (x* —2Lx)
—_ A2
u= 254 (2Lx x- ) .
Maximum deflection isat x = L
PL?

u =
m - 2AE

14. A simply supported beam is subjected UDL as .
shown in Figure. Determine the maximum j[HHHHHHH‘
deflection using Galerkin method. < ] = >

Step 1: Formulation of DE functions

oty .
EIZ—-F=0 01
Step 2: Selection of Displacement Model
. X
y=C sin— 02
. TX
w; = Sin—
L

d T X
=ccos®E
dx L L



— = —(C — sin—
0x?2 L2

03y 3 X
— = —C— Cos—
0x3 L3 L
0%y m* X
— = (— Sin—
dx* L* L

Sep 3: Substitute in DE and equating to R

4
EICT Sin™ —F=R 08
Step 4: Applied Galerkin technique (weight residual technique)
.. 7x nt L. mx .
fol SmTEEI C— Sin— -F)dx=0
T Gin2™ _rcin™\dx =
Jo(EIC — Sin LZnXFSln —)dx =0
1 n_4 —COs—— . TX _
Jo(EIC = —-)-FSin—)dx =0
L L
EICFE-I_FE(_l_l) =0
n*  2FL
__ 4FL*
~ EIn’
4FL* | 7x
= SIn —
Elm> L
Maximum deflection is at x = L/2
__A4FL* . m
Y = s o103
__ 4FL*
Ym = e
15. Figure shows a bar fixed at both ends subjected 7
J : . . J EEA [ ”P ﬁ
to an axial load. Determine the displacement at the 4
. . . . o /2 .1
loading point and the corresponding stress using [ >

Galerkin method. (E=1, A=1, L=2 and p = 2)




d Jdu x=0and u=0
—EA—=0 —_—

dx 5;-_ x=L then u=0

Multiply by ¢ (virtual displacement) and integrate by parts

L d 0
Jo EAT-dx¢ =0

ou 1% (L ., 0udp
[EAT, 8], - o BAG S ax =0
L Judd
Pd)1 — fO EA&&dX =0

Assume trail function
u=ag+a;x + a,x?
BC-1 x=0,y=0 then ap=0
BC-2 x=L,y=0=a, +2a,L =0
a, = —2a,L
u = —2a,Lx + a,x*

u = a,(x? — Lx) = uy(x?>-Lx)

% =u;(2x — L) Similarly for ¢
90 _ _
= ¢1(2x L)

Po, — [, EAu;(2x — ), (2x 1) dx =0
Po, — EAwy [, (4x% + 12 — 4Lx)p, dx =0

aLx?l
2 ]0¢1=0

r 3
P, — EAuy |2 +xI? —
r 3 3
P, — EAw [-+13 =] ¢, =0

L
Po, — EAu; [=| ¢,=0

03
04

02



0, (P — EAu; [£] =0

3P 3%2

" EAL3  1+1+8 4

Uy

16.  Estimate the three strains for given problem

du 0.015-0.01
(c/‘x - =

T dx 6
0.012 0.000833
dv 0.012-0.01
g = — =-——"——-=10.0005
dy 4
4 mm
_dv , du _ 0011-0.01
7/9537 T dx dy - 6
0.01 0.013-0.01

=0.000917

0.01 0.015

17. Estimate the three strains and three stress for given problem. Assume given
problem is plane stress method. (E=210 GPa, p =0.3) (continuation with

previous problem)

o, 1 v 0 |lg
o, = v 1 0 &
y 1—V2 1—V y
Xy 00 T yxy
o 1 03 0 0.0008333 226.9154

s, =1218232 03 1 0 I 00005 \=[173.0746 |MPa
“lo o % 0.000917 | | 74.06538

Txy

18.  Solve X, y and z values using Gauss elimination method for the following
equation



2X 4y -
4x 9y -
—2X 3y +
2X 4y -
y +
y +
2X + 4y -
y +
2x + 4y -
y +
2X + 4y -
y +
2x + 4y -
y
2X + —

x=-1,y=2and z=2

22

3z

12

2z

5z

2

4

2

z

z

z

N B

4 R2’— Rz-2R;
12 R3’— R3+R;

8 R3 ll_> R3, _ RZ’

2 Divide by 2

4  Substitute Z values

N

Y value obtained

2 Substitute y and z values

2
2



Q4b) Uz

> Us
K3-30 kN/m ka- 20 kN/m
— AW o AAA/__, P4=100kN
K1- 50 kN/m
> Ky- 40 kN/m
_AM

/7

Uy
PE = SE + WP
SE = Zky8% + - ky8% + - k383 + - ky 83
SE = Zkywy? + S koti? + S ks (uy — ug)? + 5 kg (uz — up)?
WP = —P,us

m= %klulz + %kzu% + %ks(uz —u)? + %k4(u3 — uz)? — Pqus3

19_1[ = k1u1 + k2u1 + k3u1 - kgllz =0
19u1

I

— = (kl + kz + k3)u1 — k3“2 =0
19u1

(50 + 40 + 30)u; —30u, =0

120Uy — 30Uy = 0 —---mmrmmmemmoeeev (1)

1)
ﬁ = k3u2 — k3u1 + k4_uZ - k4_u3 =0
2

—k3u1 + (k3 + k4)“2 — k4_u3 =0
—30u + (30 + 20)u, — 20u; = 0

—30u1 + 50u2 - 20u3 = 0 """""""""""""" (2)



ﬂ= _k4u2+ k4u3 —P4 =0

19113

o

= —20u; + 20u3z = 100000

19113
From 1, 2 and 3 we get

u3= 9444.444
u2= 4444.444
ul= 1111.111



